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INTRODUCTION

Gravitational lensing emerges as a consequence of the General Theory of Relativity (GR), and
it predicts the existence of black holes by solving Einstein Field Equations (EFE). Thorough
scrutiny of celestial phenomena provided evidence of the imminent existence of supermassive
BH’s in the cosmos. The latest possible innovation made by Event Horizon Telescope (EHT)
constructed an inconceivable supermassive BH centering in the giant galaxy M87 and
Sagittarius A* (our Milky Way Galaxy’s esoteric core) [1][2]. However, meticulous
observations elucidate unrivaled glimpses of the outer visible BH. Contrarily, the enclosing
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mysterious inside of it is not known yet at all. The continuously inward spacetime described
by standard solutions, i.e., Schwarzschild and Reissner-Nordstréom, ends in an inevitable
singularity [3][4]. To avoid this inherited singularity, the regular perspective [5][6] of a
charged BH is offered by the coupling approach of GR to NLED along with the electric charge.
Regular BH’s are theoretical entities characterized by the absence of singularities [7][8] within
their core, thus preserving the determinism of physical laws even at the heart of these extreme
objects. The NLED framework is very important in coming up with the idea of regular BH, in
which changes to Maxwell's equations coupling with EFE’s effectively reduce the infinite
curvature [9][10]. This transforms a BH's central singularity into a spacetime geometry that is
both finite and continuous. This theoretical framework allows for the mitigation of the infinite
curvature typically associated with BH cores. Besides, by implying NLED, the scalar
invariants, and the electric fields become regular everywhere [11][12]. Recently, numerous
significant attempts have been made to ascertain lensing by electrically charged BH’s. The
pioneering initiative by Fernando [13] established a unique strategy to calculate the angular
deviation of light by a variety of spherically symmetric charged black holes, especially for
standard RN. Furthermore, the study by Eiroa and Sendra [14] delves into gravitational lensing
by regular black holes, revealing crucial aspects of image positions and magnifications in such
contexts.

In this paper, weak gravitational lensing using a regular-charged black hole has been
investigated, and its distinctive behavior compared to the Reissner-Nordstrom black hole has
been explained in terms of the deflection angles, angular image positions, and magnification
properties. Furthermore, the formalism of a regular charge is interpreted, followed by a
narration of the theoretical approach for calculating the deflection angle. Subsequently, the
results are discussed briefly, and finally, the conclusion is presented.

A REGULAR CHARGED BLACK HOLE

The most general form of line element for homogeneous and isotropic spacetime is written as

ds? = c?f(r)dt? — g(r)dt? — h(r)(d6? + sin? 6 d¢?). 1)
Keep the constant ¢ (speed of light) = 1, and use mass as a function of r, i.e., m = m(r),
. 2m(r)
f(r) - 1 r ) (2)
B 2m(r)
g(r) - 1 + r ) (3)
h(r) =r. (4)

The electric fields and scalar curvature invariants of a regular BH are regular as long as r is
greater than the event horizon radius. These are the Kretschmann scalar K = R4, Rpgv, and

the Ricci scalar R,; = Rj,54., respectively [15]. Its mass function, m(r), further corresponds
to:
o(r)

mr) = Sy M (5)
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where o (r) is the distribution function, and it should satisfy the following conditions as well:

o(r)>0
} atr = 0.
o (r)>0

Pursuing Veganas’ models of regular BH’s [16], the corresponding distribution function used

IS,
- o

In this case, the normalization factor, i.e., at r = 0 — g(r) = (o) approaches 1/4.
Asymptotically, a regular charged BH tends to the original RN solution by expanding the
exponential function up to the first in the power development series with respect to r,
2M 2

@) ~1-— % + Q—2
r T @)
Here, the extremal electric charge value for this kind of BH is |Q|] = 1.055M.

o(r)=c¢e

fr)=1-

LIGHT DEFLECTION BY A SPHERICALLY SYMMETRIC MASS

To calculate the deflection angle in terms of metric for a static and isotropic weak field, one
can formulate the light equation of motion from the following form of the null geodesic,

=0

gr) rdr z 1 i
(@) - Fopr T 8)

4 \d¢

FIGURE 1 illustrates the trajectory of the light ray coming from infinity with some impact
parameter p and at a certain closest approach a to the mass. Due to the constant nature of a,

the term j—: vanishes, producing a relation such as,

1
p(a) = a(f() . (9)

FIGURE 1. lllustration of light bending when it passes near a mass at a specific closest approach

(D SPEKTRA |87



SPEKTRA: Jurnal Fisika dan Aplikasinya Volume 9 Issue 2, August 2024

/‘] /.
> | /
,/ [ \
! \
Source (\\ | \\
o L
e | N\
-
T " a/ \
Lens plane| e )
~.9/
| B T \x
o e B e L R o et Observer
Dy D,

FIGURE 2. Simplest lensing geometric view [17]

The configuration of gravitational lensing is represented geometrically in FIGURE 2. By using
the asymptotes corresponding to the differential form of the orbital equation, one can write the
angle of deflection in terms of ¢ (7),

p=t(5+8);  a=20)-p() -

Here, ¢ (o) is at spatial infinity, where the gravitational field is expected to be zero, and ¢ (1)
represents a certain distance r from the trajectory of a light ray to the mass. Factor 2 ensures
that the light ray deflects both upon approach and departure from the mass. Subtracting =
indicates the fact that it might be a straight line if it comes out as a m. Finally, the total
deflection angle [18][19] in terms of metric is as follows:

f(a) (r 2 dr
fg(ﬂﬂ)@g ] T "

Integrating EQUATION (10) results in divergence. To avoid it, the metric function has been
improvised (as discussed in the next section). From the geometry view, as given in FIGURE
2, the angular image positions can be calculated with the help of a lens equation. The thin-lens
approximation is a reduced form that represents an unaltered, direct path of the light rays that
are subject to weak or not at all gravitational distortion. The lens equation relating the
observable image positions to the source positions is

(10)

B=60-— 0(%

D,’ (11)
where D, is the lens source distance, S is the angular position of the source, and 6 is the
angular image position of the image. The event horizon has a weaker influence on the light
ray if one considers it to pass farther away from the mass with a greater impact parameter. The
latter justifies the thin-lens approximation. Under the same scenario, calculations have been
done for Schwarzschild in WFL. Further, one can assume the impact parameter equals or is
close to the closest approach in the WFL. The ratio between the angles of the source and an
image accounts for the magnification property (conserving the luminosity of the surface). In
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addition to measuring the image positions, the following expression could be used to observe
the magnification characteristics:

do 6

T app (12)

RESULTS AND DISCUSSION

Enhanced approaches in WFL were applied by expanding the metric and exponential functions
up to the fourth order (one can use any other higher than two). Then,

f(a)~<1_% Q? 5Q4>< ﬁ+4Mz_Q_2 8M3_4MQ2 5Q4)

)~ a ' a 12Md3 r r:  rz 3 r3 12M7r3

f(a) (r? r? -
[m (E) - 1] [; ) 1]
1
~ 180a*M?ri(a + 1)
+ aQ*r?{17Q% — 120M? — 60Mr}
+ a?{720M* + 17Q* + 360M3r — 60M? — 60MQ?r(5Q% — 3r?)}
—a3{—17Q°% + 2880M° + 1440M°r + 60MQ*r — 720M*)
+ 60M?(7Q* — 3Q%r?) —360M3(2Q%r — r3)}], (13)

and

[180a°M?r? + 180a*M?r3 + 17Q°%r3

were obtained.

Finally, the deflection angle of a regular charged BH w.r.t. the closest approach in weak field
limit can be written as follows:

A_4M+ M? ( 4_|_157r> 3nQ* M3 (36 15n>+MQ2< 14+37r)
T T 4 2 e 2
M4( 434 3465n) M2(Q? (5 825n) 57mQ*  17mQ°

4 " Tea a* 32 64a* 192a*M?° (14)

at

Here, 17mQ°%/192a*M? is found to be an additional term in the deflection angle of a regular
charged BH. This is the term which makes a regular BH distinct than RN in terms of deflection
angle [20][21]. Besides numerically, this difference in deflection angles w.r.t. the impact
parameter can also be seen graphically, as given in FIGURE 3, along with the graphical view
of the additional term appearing in EQUATION (14) presented in FIGURE 4. Moreover, one
can also reflect on the relation of how the deflection angle of a regular BH behaves depending
on the electric charge Q (given in FIGURE 5).
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FIGURE 5. Deflection angle vs. electric charge
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TABLE 1. Three angular image positions

Regular Black Hole Reissner-Nordstrom Black Hole
8 First Second Third First Second Third
Image Image Image Image Image Image

10* | -1.15577 1.15587 -4.91901x10° -1.15577 1.15587 -5.02259%x10®
10°® | -1.15532 1.15632 -4.91901x10° -1.15532 1.15632 -5.02259%x10®
10% | -1.15083 1.16083 -4.91901x10° -1.15083 1.16083 -5.02259%x10®
10" | -1.10690 1.20690 -4.91901x10° -1.10690 1.20690 -5.02259%x10®
-0.75933 1.75933 -4.91902x10° -0.75933 1.75933 -5.0226x10®

-0.52837 2.52837 -4.91903x10° -0.52837 2.52837 -5.02261x10°
-0.39367 3.39365 -4.91905%10° -0.39367 3.39365 -5.02262x10®
-0.30996 4.30996 -4.91906x10° -0.30996 4.30996 -5.02263x10®
-0.25425 5.25425 -4.91907x10° -0.25425 5.25425 -5.02264x10®

gl | W N -

Pursuing further, the angular image positions of a regular charged BH have been measured by
following EQUATION (11). To do so, a few of the parameters [22][23] are suggested, as
follows: the mass of a supermassive BH is takenas M = 2.8 X Mg, the distance from BH
to observe is D; = 8.5 kpc, and the charge is Q2 = M?/2. Additionally, the ratio of the
distance from the source to BH and the distance from BH to the observer was assumed to be
D,;/D; = 1/2. TABLE 1 shows the comparable image positions of a regular BH w.r.t. RN.

Upon comparing the patterns with RN, the first and second images of a regular BH maintain
the same positions despite the different source positions [24]. Only the third image exhibits
noticeable shifts. It is interesting to note that the first and second images show continuous
movement towards and away from the optical axis, respectively, as the source position
increases. Nevertheless, the third image remains surprisingly stable and is very difficult to
measure.

TABLE 2. Magnifications

Regular Black Hole Reissner-Nordstrom Black Hole
First Second . First Second .
A Magnifi- Magnifi- Mag-r::]flircition Magnifi- Magnifi- Magﬁ:]flircdation
cation cation cation cation
10+ 5779.6 -5778.6 5.33164x101 5779.6 -5778.6 5.64064x1013
10 578.41 -577.41 5.33164x10%4 578.41 -577.41 5.64064x104
10 58.2926 -57.2926 | 5.33164x10° 58.2926 -57.2926 | 5.64064x10°
10" 6.29531 -5.29531 | 5.33165x101¢ 6.29531 -5.29531 | 5.64064x1016
1 1.22892 -0.22893 | 5.33172x10Y 1.22892 -0.22893 | 5.64072x10Y
2 1.04567 -0.04567 | 2.6659x107 1.04567 -0.04567 | 2.8204 x10°Y
3 1.01364 -0.01364 | 1.77729x10Y 1.01364 -0.01364 | 1.8803x10Y7
4 1.0052 -0.00520 | 1.33299x10%Y 1.0052 -0.00520 | 1.41024x10Y7
5 1.00235 -0.00235 | 1.06641x10% 1.00235 -0.00235 | 1.12821x10%
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Regarding the comparison of the magnification properties with RN (given in TABLE 2), the
configuration of the first and second images demonstrates no changes at all. While the
effective luminosity diminishes with the increasing source position. Particularly, the third
image illuminates’ bit lower than that of regular-charged BH but is still too rigorous to
measure.

When comparing the magnification properties with Reissner-Nordstrom BH (as shown in
TABLE 3), the configuration of the first and second images shows no changes [25]. As the
source position increases, subsequently, the effective brightness decreases. Interestingly, the
third image is slightly less bright rather than a regular BH but remains too difficult to measure
precisely.

CONCLUSION

It has been discerned that the general relativity coupling to NLED manifests an enhanced way
to modify the behavior of black holes. An additional term appears while calculating the
deflection angle of a regular charged BH in terms of metric. Such a term makes a regular BH
distinct than standard Reissner-Nordstrom BH. This difference can be clearly observed both
numerically and graphically. Meanwhile, the deflection angle w.r.t. impact parameter reveals
that the angle of deflection always expands by decreasing the impact parameter. The presence
of the electric charge in regular charged BH also reflects its behavior relative to the deflection
angle, which possesses a similar pattern with RN, but the difference lies in different shifts.
Moreover, due to the distinguishable terms in regular charged BH, various angular image
positions and their magnifications were found, as compared to Reissner-Nordstrom.
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