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INTRODUCTION

ABSTRACT

This study explores the influence of a Stark-like perturbative potential
on a quantum particle confined to a cylindrical surface (QPCS) and its
implications for extra-dimensional theories. The QPCS framework is
particularly relevant to Kaluza-Klein (KK) theory, which postulates
extra spatial dimensions to unify electromagnetism and gravity. In KK
theory, these extra dimensions are typically hidden and require high-
energy conditions for detection. Motivated by the challenge of
uncovering these dimensions more feasibly, this research applies a
perturbative potential of the form Hg, = f zV,,(0) to a QPCS

characterized by length L and radius R,,. This potential is inspired by
the Stark effect in hydrogen atoms, where energy level splitting serves
as an indicator of an external influence. The study demonstrates that,
for a degenerate configuration (R, = L/m), the Stark-like perturbation
effectively induces energy level splitting, which can be interpreted as
a means of revealing hidden dimensions. The first-order energy
correction in this scenario depends explicitly on the quantum numbers
n, and ny, highlighting the potential for this approach to probe extra-
dimensional effects in lower-energy quantum systems.

Keywords: Kaluza-Klein theory, extra dimension, quantum particle,
Stark-like potential, perturbation theory

The combination of gravitational and electromagnetic interactions is well described by

Kaluza-Klein (KK) theory, which introduces an extra spatial dimension x°. This hidden extra

dimension offers an explanation for why gravity appears weaker than electromagnetism [1, 2,

3]. However, detecting x> requires high-energy perturbations [3], making direct experimental
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verification challenging, such as in the Large Hadron Collider (LHC). This difficulty raises
fundamental questions about the existence of extra dimensions.

To explore this issue, this paper investigates the behavior of a Quantum Particle Confined on
a Cylindrical Surface (QPCS) under a Stark-like perturbative potential. The QPCS serves as a
simplified quantum system that mirrors key aspects of KK theory [4, 5]. Specifically, a
compactified extra dimension can be visualized as a small, periodic direction perpendicular to
ordinary space (the -direction), allowing higher-dimensional theories to manifest in lower-
dimensional settings while preserving geometric properties [5]. The choice of a Stark-like
potential is inspired by its role in splitting energy levels in the hydrogen atom [6, 7]. Similarly,
applying this perturbative potential to the QPCS could induce an energy-splitting effect,
providing insight into how an extra dimension might be revealed within a quantum system.

A QUANTUM PARTICLE CONFINED ON A CYLINDRICAL SURFACE (QPCS)

Consider a non-relativistic free particle of mass m confined on the surface of a cylinder with
radius R, and length L, as shown in FIGURE 1. In the quantum mechanics picture, the behavior
of the particle in this system is well described by the Schrédinger equation in EQUATION
(1), using the cylindrical coordinates (r,6,z), withV =0 for0 < z< Land 0 < 6 < 2m.

"\
T

FIGURE 1. Quantum particles on the surface of a cylinder

h? 16<6W)+162‘P+62‘P _ g .
"or) Tr2002 " az7| " M
Here, the ¥ = W(r, 6, z,0) indicates the particle's wave function at t = 0, and E is the
particle's energy. To solve EQUATION (1), one can use the trial function (ansatz) of variable
separation in the following form:

2m|ror

W(r,0,20) = R(r)0(0)Z(2) )

R(r) is a function that only depends on r, ©(8) is a function that only depends on the 6, and
Z(z) is a function that only depends on z. Substituting EQUATION (2) into the Schrédinger
equation and dividing all sides by ROZ and —h?/2m, one can obtain:
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1 d(dR)+ 1 d2®+1dzZ_ 2mE 3)
rRdr\' dr) " r20d62 " Zdz2 W2
For the free particle on the surface of a cylinder, there is a fact that helps reduce the complexity
of EQUATION (3). The particle on the surface of a cylinder always has a constraint of motion
at r = R,. Therefore, the W only depends on two variables, 8 and z. Let R(r) be a constant,
then the differential form of dR /dr in EQUATION (3) will vanish, and EQUATION (3) turns
out to be EQUATION (4) as follows:
2 2 g2 2

1d°0 Rod2z  2mER; @)

0do?  Z dz? h?
Let the first and second terms of the left-hand side of EQUATION (4) be constants U? and
V2, respectively. Then, one can find two separable equations, as shown in EQUATION (5)
and EQUATION (6) below.

1d?%0 d?e

R2d%7 d*z Vv?z

Rod?l 2 %4 V2 _ (6)
Z dz? dz?> = R?

EQUATION (5) and EQUATION (6) are two second-order ordinary differential equations
(ODEs) with an oscillation-like model. Therefore, the general solutions for EQUATION (5)
and EQUATION (6) are:

0(8) = C,eW? + CeV? (7)

Z(z) = Cs3sin <%) + C, cos <?) (8)

o o

Based on EQUATION (5) and EQUATION (6) general solutions, one can conclude the
general solution of W(6, z,0) is expressed in EQUATION (9) below. The complete wave
function of the system can be obtained using the appropriate boundary conditions.

4 % . ,
Y(0,z0) = [63 sin <R—Z) + C, cos <R_Z)] [Cle‘Ug + Cze—lug] ©)

o o

First Boundary Condition

The particle in the @-direction moves in a clockwise (CW) or counterclockwise (CCW)
direction only. The particle in this direction cannot move back and forth. Therefore,
mathematically speaking, one can safely assume that C, = 0. By this boundary condition,
EQUATION (9) is reduced to EQUATION (10) as follows:

Vz Vz\1 .
IP(G; Z, 0) = Cl [63 sin <R_) + C4 coS <R_)] elU@ (10)
o

o

The particle in the 8-direction also moves periodically. So, one can find that the wave function
EQUATION (10) should fulfill the periodic boundary condition ¥(0, z,0) = W(2m, z,0) —
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e?™U = 1. Using the periodic boundary condition, the solution of U should be ng. The ng is
called the 8-Quantum number and takes integer values (ng = 1, 2, 3, ...). Therefore, one can
rewrite EQUATION (10) as the following.
Vz Vz .
¥(0,2z,0) = C, [(:3 sin (R—) + C, cos (R—)] einef (11)
]

o

Second Boundary Condition

In the z-direction, the particle is in the 0 < z < L. The particle is not allowed at z = 0 and
z = L. Then, by this boundary condition, one can say that ¥(8, 0,0) = W(6,L,0). As aresult,
one can also reduce and define the value of VL/R, = n,m. The ny is the z-quantum number
and takes integer values (n, = 1, 2,3, ...).

N,mzy .
¥(0,z,0) = C,C; sin( ZL )91"99 (12)

Calculating the coefficient C,Cx

The wave function W (6, z, 0) should be normalized. The normalized wave function guarantees
the existence of the particle in the system. Using the procedure for normalization, one can find
that:

2w L L

n,nz
f fI‘P(H,z, O)IZ(ROdH)dZ =1- 27TR0(C163)2 f sin? (T) dz=1 (13)
0

0 0
Using cos(2x) = 1 — 2 sin? x, one can find this following result:
1

JmR,L (14)

Plugging the coefficient C;C; from EQUATION (14) back into EQUATION (12), the
complete solution of the wave function is in the following relation:

sin (nZZTZ) einef (15)

L
ZHRO(C]_C3)2 [E:I == 1 i 6163 =

¥Y(0,z,0) =

1
A TTR,L

From EQUATION (15), one may construct the probability density of the particle as follows:

p(0,2,0) = |¥(6,2,0)|*> =

(16)

., (MTZ
sin® (——

nR,L L

The probability density of the particle in EQUATION (16) is independent of the 8-direction.
EQUATION (16) is also similar to the probability density of the one-dimensional infinite
potential well [8], but with a different constant. However, one already knows that the QPCS
is a two-dimensional system. By EQUATION (16), one can say that this 6-dimension is
cloaked, analogous to the x> in KK theory. Therefore, this is the first indication that the QPCS
is an analog model of the KK theory.
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Energy Solution

By the solutions of U and V, one can write the energy solution E. The energy E depends on
two quantum numbers and two geometric parameters of the system (L and R,). The
dependence of £ on those two quantum numbers indicates the system is quantized.

2mER?
Ut +VE=—073 (17)
E=E,  (LR)="ZEM P [n9]2 (18)
- Meme e omI2  2mR,

The energy in EQUATION (18) indicates a non-degenerate type of energy in general (for
different L and different R,,). That means for two distinct quantum states, one can find a unique
value of the particle's energy (one-to-one correspondence) [8]. However, if one sets the
specific condition for R, and L, such as R, = L/m and L = nR,, the indication of the
degenerate type of energy appears (see EQUATION (19) and EQUATION (20)).

th nemi2 m?h?
T [ 9 = (n +n9) (19)

gnzhz +h_2[n_9]2 B hz
2m(mR,)?  2mIlR 2mR?

E = Ep n,(L,L/T) = 2

E =Epn,,(/Ro, R,) = (n2 +nj) (20)

In EQUATION (18), the energy contribution from @-dimension is familiar. The form of the
energy is E~(n%/R?2), and again, it is similar to the energy form due to the contribution of the
p® in KK theory [3, 5]. This characteristic refers to the second indication that the QPCS is
analogous to the KK theory.

TIME INDEPENDENT PERTURBATION THEORY

Some quantum systems have a complicated form of a potential . This complicated form of V
obscures the ability of someone who wants to figure out the wave function W¥,, and energy E,,
solutions. There is a method to approximate the wave function and energy solutions for any
quantum system using the so-called perturbation theory [8]. The basic idea of the perturbation
theory is simple. Perturbation theory tries to approximate the solution by adding corrections
to the solution of the solvable, simpler system [8]. In mathematical formulation, let H® be
the Hamiltonian of the solvable simple system, the total Hamiltonian H be:

A=004gA0 4 g27@ 4 ... 1)

Analogous to the total Hamiltonian in EQUATION (21), the wave function and the energy are
in EQUATION (22) and EQUATION (23). The illustration of the perturbation method for
solving the Schrodinger equation is in FIGURE 2.

W= W0+ U 4 g 4 @)

E,=E® + gE® + g2E® + ... (23)
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Here, the g denotes a coupling constant, and the superscript index at H, ¥,,, and E,, indicates
the order of the perturbation.

2 — —Pp 70, p© g Simple and Well-Known
e En - " n Quantum System

Perturbative Potential

FIGURE 2. Illustration of the perturbation method for solving the Schrodinger equation

First-Order Perturbation

For the first-order perturbation, one can take the Hamiltonian in EQUATION (21), the wave
function in EQUATION (22), and the energy in EQUATION (23) in the following form:

A~ A©® 4+ gA® (24)
g, ~ ¢ 4 gp® (25)
E, ~E9 + gg® (26)

EQUATION (24) to EQUATION (26) should be the solution of the Schrodinger equation.
Therefore, by inserting EQUATION (24) to EQUATION (26) into the Schrodinger equation,
one may obtain the following relation:

AY, = E,¥, » AO¥M + AOg©® = pO¢® 4 gy © 27
By taking the scalar product of EQUATION (27) with ‘P,SO) and assuming ‘P,(lo) is an
orthonormal wave function, one may obtain EQUATION (28):
f (¥, O AOWD + @ OROYO| @37

" (28)

*(0 1 1 *(0 0 =

:f [ELwrOw® + EDwOw® | a37

Vi

If one takes n = m, EQUATION (28) reduces to EQUATION (29). EQUATION (29) is the
so-called first-order energy correction.

pr@Ogy©®gsz = g (29)
Vi

In the perturbation theory approach, the correction of the wave function should be composed
of the well-known wave function (unperturbed wave function) by some linear combination
constants, c¢,, as represented in EQUATION (30).

g = Z e ¥ (30)

n

To find c,, one can use the orthonormality of the ‘P,(LO) with the following procedure:
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Y Oy® _ z WOy f P OpM g3y = z Cn8nm = Cm (1)
- Vi n
en = [ W OwDgs; (32)
Vi

Taking the result of EQUATION (28) and the hermicity of ‘P,(lo), one can obtain:

(52 - E) f P R f YO AOW @3 (33)
Vi Vi
* - 1 * 24 -
en = | WOV = f ¥ HOW a7 (34)
Vi En _Em Vi

Therefore, one can obtain the complete expression of the ‘P,Sl) in the following form (one can
replace n with m because n and m here are the dummy indices):

z 1 .

1 *(0 0 4 0

l.pr(l ) _ [ o (0)f lpn( )H(l)"p( )d3rl 11_;( ) (35)
m Em En Vi

The above formulation from EQUATION (28) until EQUATION (35) assumes that the
quantum system has a non-degenerate energy profile. For a degenerate energy profile, one can

generalize ‘P,(lo) and ‘P,(ll) in the following form:
Wi = cg Wi + g WS + ¢, WY + (36)
Wi = e Wit + g Wi + ¢, W + (37)

Here, a, (, v, etc., label the different states with the same energy value. Then, the coefficients
¢ (Cq Cp, Cy, etc.) correspond to the linear combination coefficient of the mixture. By

substituting EQUATION (36) and EQUATION (37) to EQUATION (27) and taking the scalar
product with respective labels, one can build the matrix equation as the following:

Ha,a Haﬁ Hai Cq Cq
H H .. Hpgill¢s ) L
=
Hi(,l HlB Hii C; Ci

Solving the above matrix equation (secular equation), one can obtain the first-order energy
correction and coefficient ¢ (cq, g, ¢, €tc.) for degenerate cases.

STARK EFFECT IN QUANTUM MECHANICS

One of the successful pieces of evidence of quantum mechanics as a new theoretical
framework in physics during the 19th - 20th century is the ability of quantum mechanics to
predict the energy level of the hydrogen atom [8]. In addition, quantum mechanics also
predicts the degeneracy among those energy levels theoretically [8]. The first evidence of this
degeneracy among those energy levels is from the experiment of Johannes Stark in 1913 [6].
In this experiment, Stark used the electric field to see what happens with the energy levels of
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the atom or molecule. The observation shows there is energy level-splitting [6, 8]. FIGURE 3
shows the Stark effect on the hydrogen and Rydberg atoms.

The energy level-splitting observed by Stark in 1913 is also well-described by the Schrodinger
equation [9]. The mathematical model for the Stark effect is generally the formulation of the
work needed to move a unit of electric charge (e.g., an electron, e) by the electric field. The
EQUATION (40) shows the Stark effect Hamiltonian Hg (potential) in more detail.

s = [ Fo.dii = [ (~eB).dit = =eE. [ i = —eF.7 (40)

Here, in the Stark effect Hamiltonian, the electric field E is independent of the particle’s

(charge) position 7 but may be time-dependent. Therefore, with the presence of the Stark

Hamiltonian, the total Hamiltonian for the hydrogen atom can be written in EQUATION (41).
h? e?

H=|-—Vv2— —eE.#] » AY = EV¥ 41
[ 2m 4neorl+[ ¢ T]_> ‘D)

The EQUATION (41) can be solved by employing the perturbation theory in EQUATION
(38), where the Stark Hamiltonian serves as the perturbative potential, and the system exhibits
degeneracy.

00
| — -600 ] -
ns |
N 800\ -
\"\ /.é
-1 1000 L
Jn=3 N
~_ E -1200 -
8 g
g < L1400 R
§ -02 Eﬂ
/%% g -1600 o
— -1800 — -
~ 2000 g7 -
-03
\x J
22200 ¢ o
T T T T 1
o, 20— 40 50 0 50 100 150 200
n° XFIELD STRENGTH(10° VOLT/CM) Electric field strength (kV/cm)
(a) (b)

FIGURE 3. The observation of Stark effect in (a) the hydrogen atom [10] and (b) in the Rydberg atom [11].
Here, the energy-splitting occurs and breaks the degeneracy.

RESULTS AND DISCUSSION

The main topic of this section is to see how the effect of Stark-like perturbative potential
affects the energy of the QPCS up to the first-order correction. The first-order correction is
considered in this calculation because it makes a significant contribution to the system
behavior under perturbative potential. In addition, the perturbation method is used in this
research because it relies on a small expansion parameter. The small expansion parameter
leads to the convergence of the series expansion, which provides accurate results.
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Stark-like Perturbative Potential and its effect on the QPCS

Stark-like perturbative potential (H;) adapts the Stark perturbative potential (Hs) in
EQUATION (40). However, the electron charge e and the electric field E are replaced [12, 13,
14]. In this paper, they are changed into any arbitrary physical constant f and a vector function

that depends on theta, 17;),(9) = (1,(0),V,,(0),V,,(8)). Then, the H;, for this research can
be written in EQUATION (42):

)Oy

As, = BY,(6).7 (42)

For the sake of simplicity to see the effect of the Hg; on the QPCS energy, the Hy; is projected
along the z-axis of the system. Therefore, EQUATION (42) can be rewritten into EQUATION
(43). In addition, for non-degenerate and degenerate cases, this research applies Hg; only to
several low-excitation spectra only. This is discussed in more detail in the description below.

Hs, = BY,,(0)z (43)

Non-degenerate Case

The first-order correction of energy for the non-degenerate case E,(ll) is shown in EQUATION
(29). By taking the unperturbed wave function NS (6,2,0) in EQUATION (15) and Hg; in

Nnzng
EQUATION (43) to EQUATION (29), one can determine the E,(l )n , as written in EQUATION
(44).
L 2m
Erng = f f Wi, Hs Wiy, Rodfdz = f sin? ("22) dz f v, (0)d6  (44)

0
Using f Z sin ( 2 Z) dz = iLZ for n, € Z and n, > 1, then EQUATION (44) can be
reduced into EQUATION (45) as in the following form.

21

w _ BL
Eino = I v, (0)d6 (45)
0

From EQUATION (45), one can see that the first-order energy correction depends on the
V,,(8) only. This is the contribution from the Stark-like perturbative potential to the non-
degenerate QPCS. In addition, there is no dependence on the QPCS quantum numbers n, and
ny for the non-degenerate case. This fact implies that the perturbation from the Stark-like
perturbative potential to the QPCS has difficulty distinguishing between the effects in z-axis
and the 6-direction. It can be seen easily by adding any functions of V;,_(6) to EQUATION
(45), the result is a constant number. The energy level shift of each pair of QPCS quantum
numbers is also constant. Thus, for the non-degenerate case, the Stark-like perturbative
potential cannot be considered a means to reveal the extra dimension x>, which is analogous
to the cylindrical circumference in the QPCS.
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Degenerate Case

As seen in the non-degenerate case, the Stark-like perturbative potential cannot uncloak the
extra dimension (x°) which is analogous to the cylinder circumference in the QPCS. In order
to uncloak the extra dimension (x>), let us jump to the degenerate case with the same Stark-
like perturbative potential. The matrix element in EQUATION (38) can be determined as in
EQUATION (47).

Hy = [ W@ Ay, w® @37 (46)
Vi
2m L

H;; = BR, f f ¥ Ozv, ()% " dodz (47)
0 0

where i,j = {a, B,7, ... }. In the QPCS case, there are two quantum numbers (n, and ny). By
choosing R, = L/m as mentioned in EQUATION (20), one can create the two-fold degenerate
QPCS. Then, the index for i and j are only available for i,j = {a, B} and the perturbative
matrix in EQUATION (38) only has a 2 x 2 matrix dimension.

n, mnz :
In the degenerate QPCS, the wave function can be written as ¥, = \/% sin (Z‘T) e™0:? and

1 Mz ing 6 h . £ _
W = \/T_Zsm( ; )e J~. Here (nzj,ngj) are the permutation of (n,,,ng,) (€.g., Nz, Ny, =
{1,2} - ng;,ng; = {2,1}). Substituting ¥, and W to EQUATION (47), one can derive the
matrix element in EQUATION (38) for the degenerate QPCS as follows:

L 21
PR . Mgz (Mg T2 i(np .—ng.
Hy = f zsin (“42) sin (24— ) dz f v, (0)e' ("m0 g (48)
0

0

From the expression of the matrix element in EQUATION (48), one can see that the matrix
element value for the degenerate QPCS depends on the quantum numbers.

To more clearly observe the effect of the Stark-like perturbative potential to the degenerate
case of QPCS more clearly, this research takes the low-excitation energy level for simplicity.
This means that this research considers only the following quantum number pairs:

(nz,ne) ={(1,1),(1,2),(2,1),(2,2),(1,3), B1),(2,3), (3,2)}

By substituting these set of quantum numbers into EQUATION (48), one can summarize the
matrix elements for the low-excitation energy level of degenerate QPCS, as shown in TABLE
1 below.
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TABLE 1. The Perturbation Matrix Element of the degenerate QPCS under the Stark-like Perturbative Potential.
Here I, = [V, (8)d8,1, = [."V,,(0)e™d6, and I, = [V, (6)e?®dg

Quantum Number Matrix Element H;;
(L1) No Degeneracy
ﬁL
Haa - HBB 41_[
1,2), (2,1
( b )’( > ) 8ﬁL SﬁL
Hap =~ gz illpa =~ 53
(2,2) No Degeneracy
(1,3), (3,1) Haa = Hﬁﬁ = H‘Zﬁ = Hﬁa =0
BL
Hyq = Hgp = 4ﬂI
2 2

o = " g5gs i e = T gl

By employing the result in TABLE 1 and solving the secular equation in EQUATION (38),
one can derive the first-order energy correction for the degenerate QPCS under the Stark-like
perturbative potential as shown in EQUATION (51). TABLE 2 also summarizes the first-order
energy correction for the degenerate QPCS under the Stark-like perturbative potential for
(ng,ny) from these following states: {(1,1),(1,2),(2,1),(2,2),(1,3),(3,1),(2,3),(3,2)}.
FIGURE 4 illustrates the energy level splitting of the degenerate QPCS under the Stark-like
perturbative potential.

[Hﬁa HBB] [CB] =EW [CB] (49)
Hyy —E®
[ Hp, E(l)l [C/;] [0] (50)
E(l) (wa +Hgp) £5 \/(Haa + Hgg)" — 4(HooHpp — HzoHap) (51)

TABLE 2. First-order Energy Correction of the degenerate QPCS under the Stark-like perturbative potential

Quantum Number First-order Energy Correction

(1,1) No Degeneracy
a _ BL 86L
(1,2), 2,1) Eqp=7-lo % ﬁ./lllz
2,2) No Degeneracy
@ _
(1,3), 3,1) ED =0
D ﬁL 24p8L
(2,3),(32) Eqp =710 £ 5 ——JLL
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a,p
- BLI,
= ) =——
E;3 = E;, = 13E, < - - Es—Eyp 21
E 3 = E3, = 10E, E{; = E}, = 10E,
E;, = 8E, Eé,z = 8E,
- L
- @ _ BLI,
E,, = E;, = 5E, < - P I A= o
\ -
Eyy—Eqp
Fra = 2 Ei = 26,

FIGURE 4. The illustration of the degenerate QPCS energy level shift due to the Stark-like Perturbative
Potential.

From the result of TABLE 1, TABLE 2, and FIGURE 4, there is strong evidence that the
degenerate QPCS under the Stark-like perturbative potential may open the opportunity to
uncloak the extra dimension x> in KK theory (which is analogous to the 6 variable in the
QPCS). This is because the quantum numbers (n,, ng) significantly determine the existence
of the perturbation terms (as depicted by H,p and Hg,) which correspond to the splitting of
the energy level. The energy-level splitting here is interpreted as the uncloaked extra
dimension. The other factor that determines the existence of the perturbation terms is the
expression of V;, (8). If the strength of the V, () is large enough, the spliting in the energy
levels also becomes larger. In addition, there are two remarks related to the application of the
Stark-like perturbative potential to the QPCS.

Remark 1: Perturbative Splitting Rule

Let us return to the EQUATION (48). The first term of EQUATION (48) shows the integral:
L

[ 2o (5 sn(7)
z sin sin Z.
L L
0
This integral depends purely on the position in z-axis and the quantum number in z-direction.

This kind of integral is analogous to the dipole interaction with the dipole moment M [15, 16,
17, 18] as shown in EQUATION (52):

Mo [ 2 ) dr (52)

where the indices i and j correspond to quantum numbers of the state 1. In the case of dipole
moment, the selection rule of the dipole transition [17, 18] is particularly important to identify,
and it can be obtained easily by checking which quantum numbers make EQUATION (52)
non zero value (M # 0). In the Stark-like perturbative potential to the QPCS, the energi-level
splitting exists if and only if the difference between n,, and ng, is 1. This leads to the so-
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called “perturbative splitting rule” in the QPCS, and it should also be considered in the effort
to uncloak the extra dimension.

An, = £1 (53)

Remark 2: Strategy for choosing the V, (0)

The existence of EQUATION (53) as the splitting rule requires anyone attempting to uncloak
the extra dimension using the Stark-like perturbative potential to choose an appropriate V, (6)

that satisfies EQUATION (54). EQUATION (54) ensures the splitting can be observed
through experimental measurements.

{I,L}YeR A {,L}+0 (54)

The only viable form of V, (8) that satisfies EQUATION (54) is a periodic potential in the 8-
direction, as shown in EQUATION (55). Here, V, and y are nonzero constants, with y =

{E,E,E,Z, } This statement can be demonstrated by substituting a general polynomial

function in #-variable into I; and I,.
V,,(0) =V,cos0 VY, (6) =V,sinyd (55)

Proof: Let us consider V, (8) = Xy-o a, 0%, then by the definition of I; and I,, one can obtain

the following results (EQUATION (56) and EQUATION (57)). The result shows that the
integral values are complex numbers.

2 [ 2 > 2m 2m
L = J [Z akek] e 9dp = Z A U 6% cos 6 do —iJ 6% sin 6 de] €C (56)
o [£=0 k=0 10 °
2m [ 2 = 2n 2m
I =J [2 akek]ewdg =2ak U 0% cos @ d9+iJ GksinQdG'] eC (57)
0 lk=o k=0 0 0

Then, for the periodic potential V;, (8) =V, cos 0,

21T
I = f [V, cos(8)]e do = V,m € R (58)
0

21
I, = f [V, cos(68)]e®dd = V,m € R (59)
0

and for V, (8) =V, siny@:

. -1 (] i ( ) . . .
L = [}V sin(y®)le™0d6 = P25 (y sin(yn) — icos(ym) €R. ify €{3.2.7,.}  (60)
L = fozn[Vo sin(y6)]eds = %ﬁyn)(y sin(ym) + icos(ym)) ER, ify€ {%,%,—, } (61)

These kinds of periodic potentials in EQUATION (55) as an implication of the perturbative
splitting rule, may also provide an alternative insight regarding the physics that uses the extra
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dimension (e.g., KK theory). These areas of physics include the UV completion in multi-
natural inflation model and SUSY-breaking model [19], and the implementation of optical
lattice technology to simulate D+1-dimensional quantum system using D-dimensional
platforms [20]. In addition, studying the possibility of uncloaking an extra dimension using a
QPCS can have several experimental implications. The experimental setups could be designed
to test these predictions. The following are examples of experimental setups that could
potentially validate the theoretical results:

1. Quantum particles like electrons confined in cylindrical nanostructures like carbon
nanotubes (CNT) or semiconductor nanowires could serve as physical realizations of your
QPCS model. If an extra spatial dimension influences the energy spectrum, specific shifts
in energy levels could be detected via tunneling spectroscopy or photoluminescence
measurements [21, 22].

2. Ultra-cold atoms trapped in a toroidal optical potential may simulate the quantum
confinement effects in cylindrical geometry. By introducing an artificial gauge field
(analogous to the Stark-like perturbation), one could study whether the energy spectrum
exhibits signatures of an extra dimension [23, 24].

3. Semiconductor quantum rings allow for electron confinement along curved geometries
[25]. Applying external fields (electric/magnetic) could mimic the Stark-like perturbative
potential in theory. If the observed energy level splitting patterns match theoretical
predictions, it could suggest an underlying extra-dimensional effect.

4. Graphene nanoribbons or curved 2D materials could serve as a condensed matter analogs
to test cylindrical confinement effects [26]. If an extra dimension alters the electronic band
structure, it might be observable through transport or optical experiments.

5. In amorphous materials, atoms are not arranged in a periodic lattice but rather in a
disordered structure. Despite this, local atomic arrangements still obey geometric
constraints, which are reflected in the radial distribution function (RDF), G(r)—a
function that describes how atomic density varies as a function of distance [27, 28]. If an
extra dimension subtly influences interatomic interactions, this effect could leave an
imprint on the RDF, such as:

1. unusual decay rates in G (r), particularly in the long-range correlations,

ii. anomalous broadening or shifting of peaks in G(r), suggesting modifications to
interatomic forces, and

iii. new oscillatory features not predicted by conventional three-dimensional amorphous
structure models.

This because the RDF is fundamentally tied to the underlying dimensionality of space. To

test whether extra-dimensional effects modify G (r) in amorphous materials, the following

experimental techniques could be applied:

i. Neutron and X-ray Scattering, which measure structure factors S(q), which are
related to G(r) through a Fourier transform or Wavelet Transform [27, 28].
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Unexpected deviations in S(q) at certain length scales could indicate hidden
dimensional influences, and

ii. Temperature-Dependent Studies, where if extra dimensions modify atomic
interactions, thermal expansion or disordering effects might show unconventional
trends compared to standard 3D models.

CONCLUSION

The Kaluza-Klein (KK) theory is one of the theoretical frameworks that aims to unify
gravitational and electromagnetic interactions by introducing an additional spatial dimension,
denoted as x°. In this theory, the extra dimension is compactified to a small size, effectively
concealing its presence. This compactification provides a compelling explanation for why
gravity is significantly weaker than electromagnetism at observable scales. This study
investigates a possible method to reveal the hidden extra dimension in KK theory by applying
a Stark-like perturbative potential, represented as Hg; = BzV,,(0), to a non-relativistic
quantum particle confined to a cylindrical surface (QPCS) with radius R, and length L. The
QPCS system is chosen because its angular coordinate 6 plays a role analogous to the extra
dimension in KK theory. In the non-degenerate case, the Stark-like perturbative potential shifts
the energy levels of the QPCS but does not distinguish the extra dimension. However, in the
degenerate case (R, = L/m), the perturbation induces energy level splitting, making the
contribution from the angular coordinate 8 identifiable. These findings suggest a potential
approach to detecting extra-dimensional effects in KK theory, which could be tested
experimentally using carbon nanotubes (CNTs), semiconductor nanowires, trapped ultra-cold
atoms, semiconductor quantum rings, graphene nanoribbons, and amorphous materials. For
future research, a comparative analysis of the stark-like perturbative potential with other
perturbative effects, such as Zeeman-like, anharmonic-like, or additional well-known
perturbative schemes, could help identify the most effective method for unveiling the presence
of extra dimensions.
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