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ABSTRACT

This study models the aggregate loss distribution for motor third-party liability insurance using
Monte Carlo simulation. Aggregate loss estimation is essential because it depends on claim
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Keywords: (AIC). The selected distributions are then combined to generate simulated aggregate losses,
Burr XII Severity Model; from which Value at Risk (VaR) anq Tail Valuc? at R'isk (TVaR) are compute.d. The results sl}ow
Claim Frequency that the Zero-One-Two-Three Modified Negative Binomial (Z123M-NB) distribution provides
Modeling; the best fit for claim frequency, while the Burr XII distribution effectively represents claim

severity. Monte Carlo simulation with 10 million iterations produces stable estimates of the
Data: aggregate loss mean and variance, and the estimated VaR at the 95%, 97.5%, and 99%
Value at Risk Estimation; confidence levels are 105.85, 1,506.61, and 3,629.14, with corresponding TVaR values of
7123M Negative Binomial. 4,122.93, 7,418.70, and 15,075.21, indicating substantial tail heaviness. The study is limited by
the sensitivity of variance estimation under extreme severity values and the assumption of a
continuous severity model. The novelty of this study lies in integrating the Z123M-NB
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1. INTRODUCTION

The insurance industry is one of the key sectors in the modern financial system that provides
protection against financial uncertainty risks that may cause economic losses [1]. One of the main
branches of this industry is motor third-party liability (MTPL) insurance, which provides
compensation for physical damage or bodily injury caused by traffic accidents [2]. In many countries,
including Europe, this product is mandatory for all motor vehicle owners, aiming to maintain
economic stability for individuals as well as insurance companies [3].

In actuarial practice, one of the main focuses is estimating aggregate losses, which represent
the total amount of loss incurred within a specific period. The magnitude of aggregate losses is
influenced by two main components: claim frequency (the number of claims) and claim severity (the
monetary value of claims paid) [4]. Mathematically, the aggregate loss variable can be modeled as a
random sum of independent individual claims [1]. Therefore, the aggregate loss distribution
generally does not admit a simple analytical form, requiring a simulation-based approach to obtain
accurate estimates of tail risk [3].

One widely used method to estimate aggregate loss distribution is the Monte Carlo simulation.
This approach allows actuaries to simulate various possible loss outcomes based on the probabilistic
distributions of claim frequency and severity [4]. The main advantage of this method lies in its
flexibility for use with complex distributions lacking analytical solutions and its ability to estimate
extreme loss probabilities, which are critical for insurance risk management [3]. [4] demonstrated
that the Monte Carlo approach is highly effective in computing tail probabilities for aggregate
distributions under the natural exponential families (NEF) assumption, particularly when claim
distributions exhibit overdispersion and heavy-tailed characteristics.

The data used in this study come from the freMTPL2freq and freMTPL2sev datasets, which
are publicly available through the freMTPL2 repository on Hugging Face. These datasets contain
information on third-party liability insurance claims for motor vehicles in France and have been
widely used in actuarial research to investigate claim frequency and severity patterns [1]. The
freMTPL2freq dataset exhibits typical characteristics of motor insurance claim data, including a large
proportion of policyholders with zero claims and overdispersion in claim frequencies, where the
variance exceeds the mean. These characteristics indicate that standard frequency distributions may
not adequately capture the observed claim frequency behavior. Therefore, a flexible discrete
distribution, namely the Zero-One-Two-Three Modified Negative Binomial (Z123M-NB)
distribution, is considered appropriate because it allows additional probability adjustments for low
claim frequencies while maintaining the overdispersion property of the negative binomial
framework. In this study, claim frequency and severity are modeled separately before being
combined into the aggregate loss simulation using the Monte Carlo method, where severity is
represented by the Burr Type XII (Burr XII) distribution and frequency by the Z123M-NB
distribution [4].

In modern actuarial contexts, modeling claim frequency and severity separately and then
combining them into a single aggregate loss distribution framework is known as the collective risk
model [1]. This model is essential for calculating Value at Risk (VaR) and Tail Value at Risk (TVaR),
which are key measures in determining minimum capital requirements and technical reserves for
insurance companies [4]. As data complexity and accuracy requirements increase, Monte Carlo
simulation has become increasingly relevant for producing more realistic results than deterministic
methods.

Previous studies have applied Monte Carlo simulation and stochastic modeling methods in
insurance risk modeling. [1] developed a stochastic model to assess price distortion in motor
insurance. [2] emphasized the importance of real datasets in improving risk model accuracy. [4] used
the Monte Carlo approach to estimate aggregate loss distributions. The Monte Carlo method has
proven effective for modeling complex and realistic aggregate losses.

Based on the background, this study aims to construct an aggregate loss distribution model
using the Monte Carlo simulation by utilizing insurance claim data from the freMTPL2freq and
freMTPL2sev datasets. Through this simulation, it is expected to obtain a more accurate
representation of total loss distribution and provide a foundation for insurance companies in
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developing appropriate risk management strategies and premium pricing [1]. This study also aims to
contribute to actuarial literature in applying simulation methods to real-world non-life insurance data,
particularly MTPL insurance [2].

2. METHODS
Material and Data

The data used to model the distribution of aggregate loss were obtained from the French MTPL
dataset, accessible through the freMTPL2 repository on Hugging Face. Risk features were collected
for 678,013 motor third-party liability policies, observed mostly over one year, across different
regions in France, prior to 2016 [5]. The dataset provides both the frequency of claims (number of
claims per policyholder) and the severity of claims (amount of loss per claim), making it suitable for
modeling the aggregate loss distribution in insurance applications.

Research Method

The study followed the statistical modeling procedure proposed by Kaishev and Krachunov
for fitting probability distributions to insurance claim data. First, candidate distribution families were
selected for both claim frequency and claim severity. Second, the parameters of the candidate
distributions were estimated using the maximum likelihood estimation (MLE) method. Third, the
goodness-of-fit of each fitted distribution was evaluated using the Chi-Square test for claim
frequency and the Kolmogorov-Smirnov test for claim severity [6]. The candidate models that
satisfied the goodness-of-fit criteria were subsequently compared using the Akaike Information
Criterion (AIC) to identify the most suitable distributions. The AIC is calculated using the following
formula:

AIC = 2k — 2In(L)
where k denotes the number of model parameters and L denotes the maximum likelihood of the
estimated model. The model with the smallest AIC value is selected as the most suitable for
representing both claim frequency and claim severity.

After selecting the best-fitting claim frequency and claim severity models, the aggregate loss
distribution was generated using Monte Carlo simulation. Monte Carlo simulation is a numerical
method that uses random numbers to represent random events within a process [7]. In each iteration,
the number of claims and the corresponding claim severities were randomly generated from the
selected distributions, and their sum represented one realization of aggregate loss. Let N denotes the
claim frequency and X;, X5, ..., Xy denote independent and identically distributed random variables
representing individual claim severities. The independence assumption implies that the amount of
one claim does not influence the amount of another claim. The aggregate severity for N Simulated
claims are then defined as § = X; + X, + --- + Xy. Furthermore, within the collective risk model
framework, the claim frequency (N) is assumed to be independent of the individual claim severities
(X;), meaning that the number of claims occurring during a period does not affect the distribution of

. . . . = s

the claim amounts. Under these assumptions, the sample mean estimator is expressed as Xy = IS If

the simulation process is repeated m times, producing independent realizations X, " X Nys == X N> the
. L = 1 = S

overall sample mean estimator is given by X = -~ Yi=1 Xy, This estimator converges to the expected

value (E[X]) [8]. Repeating the simulation multiple times produced an empirical approximation of
the aggregate loss distribution [9].

Prior to performing the full simulation, an appropriate number of iterations n was determined
through a convergence analysis to ensure numerical stability. The simulation was repeated for
increasing values of n while monitoring the stabilization of key outputs, including the expected
aggregate loss, Value at Risk (VaR), and Tail Value at Risk (TVaR), as well as the relative error of
the estimated expected aggregate loss and the variance of aggregate loss. The optimal value of n was
selected when these quantities exhibited sufficiently small relative errors and successive increases in
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n produced negligible changes, indicating convergence and reliable simulation accuracy. Finally, the
insurer’s risk exposure was assessed using VaR and TVaR derived from the simulated aggregate loss
distribution [9]. All statistical analyses and simulations were performed using R software.

3. RESULTS
Distribution Models for Claim Frequency
Descriptive Statistics

The claim frequency data used in this study were obtained from the French MTPL insurance
dataset, specifically the freMTPL2freq dataset. The dataset contains policy-level information with a
total of 678,013 motor insurance policies. This dataset provides the number of claims reported for
each policy within the observation period. The following section presents the statistical description
of the claim frequency data derived from the dataset, as summarized in Table 1.

Table 1. Descriptive statistics of claim frequency in French MTPL insurance

Minimum Maximum Mean Variance Skewness Kurtosis
0 16 0.0533 0.0579 5.5996 79.8413

The positive skewness value indicates that the claim frequency distribution is strongly right-
skewed, characterized by a long tail extending toward higher claim frequencies. This pattern reflects
the predominance of policyholders who did not submit any claims during the observation period,
with only a relatively small proportion reporting one or more claims. Furthermore, the kurtosis value,
which is substantially greater than three, signifies a leptokurtic distribution with a pronounced peak
and heavy tails. Such characteristics are typical in motor insurance datasets, where observations are
heavily concentrated at zero claims while a limited number of higher claim occurrences contribute
to the tail heaviness. The asymmetrical shape observed in the histogram, as shown in Figure 1, further
supports the conclusion that the distribution deviates markedly from normality.
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Figure 1. Histogram of claim frequency

Probability Mass Function and Parameter Estimation

Based on the statistical description of the dataset, the negative binomial distribution was
selected because the variance exceeded the mean, indicating overdispersion in the claim frequencies.
For comparison, the Poisson distribution was also considered since it represents the standard model
for frequency data with equal mean and variance. Parameter estimation for both distributions was
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performed using the MLE method, and the corresponding probability mass function (PMF) for the
negative binomial and Poisson models was evaluated using the estimated parameters. The complete
parameter estimates are presented in Table 2.

Table 2. PMF and the estimated parameter values of the negative binomial and Poisson

Distribution PMF Parameter estimates
f (k)=P(X=k)=(k+r_1)<—r )r( a )k # = 077833
Negative binomial /NB k r+u \r+up)’ 7 = 0.05323
k=012 .,7>01>0 p=>w
. k-2 R
Poisson frois() = PX = k) =—-—, k=012,.,1>0 4 =0.05325

Furthermore, these modified structures provide an enhanced capability to model datasets
characterized by substantial probability mass at lower claim frequencies, which is a common feature
in motor insurance portfolios. By explicitly adjusting the probabilities at the specified frequency
levels, the Zero-One-Two-Three Modified negative binomial (Z123M-NB) and the Zero-One-Two-
Three Modified Poisson (Z123M-Poisson) offer greater flexibility in capturing departures from the
standard parametric forms. The PMF for each modified model is presented in Table 3, outlining the
full density specifications used in the subsequent analysis.

Table 3. PMF the estimated parameter values of the Z123M-NB and Z123M-Poisson

Distribution PMF Parameter estimates
P(X = k) = p, for k = 0; 120 i 0.94977
p. fork = 1; ;21 = 0.04746
Z123M-NB b, for k = 2: p; = 0.00263
ps for k = 3f p; = 0.00012
> 7 = 9.39728
(1_p0_p1_p2_p3)fNB(k) fork24 ﬁ=687478
P(X =k) =p,fork =0; Po = 0.94977
_ p, fork =1; p1 = 0.04746
Z123M-Poisson p, fork = 2; p, = 0.00263
p3 for k = 3; p3z = 0.00012
(1 =po — 1 — P2 — P3) frois(k) for k = 4. A =6.875

Graphical Model Analysis

Before presenting the numerical evaluation of the fitted frequency models, a graphical
comparison is provided to visually examine how each candidate distribution represents the empirical
pattern of claim frequencies. This visual assessment is useful for identifying the overall shape,
concentration at lower frequencies, and tail behavior captured by each model prior to analyzing the
statistical goodness-of-fit measures. Figure 2 displays the histogram of the observed claim
frequencies alongside the fitted PMF of the four selected models.
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Figure 2. Histogram of claim frequency with fitted PMF from negative binomial, Z123M-NB,
Poisson, and Z123M-Poisson

Figure 2 presents the graphical comparison between the empirical claim frequency histogram
and the fitted PMF of the four candidate models: the negative binomial distribution, the Poisson
distribution, the Z123M-NB, and the Z123M-Poisson. Each subplot illustrates how closely the
theoretical probability structure of the corresponding model aligns with the observed pattern of claim
frequencies. These graphical displays provide an initial visual assessment of how well each
distribution captures the characteristics of the claim frequency data before further statistical
evaluation is performed.

Chi-Square Test

The claim frequency data were evaluated using four distributions: negative binomial (NB), Poisson,
Z123M-NB, and Z123M-Poisson. The chi-square test was conducted using the following hypotheses:

Hy:  The claim frequency data follow the specified distribution.
H;: The claim frequency data do not follow the specified distribution.

The expected claim frequencies obtained from each distribution are summarized in Table 4.

Table 4. Expectations of the claim frequency from the NB distribution, Poisson distribution,
7Z123M-NB distribution, and Z123M-Poisson distribution

k Claim frequency NB Poisson 7Z123M-NB Z.123M-Poisson

0 643,953 643,987 642,855 643,953 643,953
1 32,178 32,085 34,230 32,178 32,178
2 1,784 1,826 911 1,784 1,784
3 82 108 16 82 82
4 7 7 0 2 2
5 2 0 0 2 2
6 1 0 0 2 3
7 0 0 0 2 3
8 1 0 0 2 2
9 1 0 0 2 2
10 0 0 0 1 1
11 3 0 0 1 1
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k Claim frequency NB Poisson Z123M-NB Z123M-Poisson
12 0 0 0 1 0
13 0 0 0 0 0
14 0 0 0 0 0
15 0 0 0 0 0
16 1 0 1 0 0
Total 678,013 678,013 678,013 678,013 678,013
Chi-square 19.30349 2,372.981 0.28676 0.19919
Degrees of freedom 2 3 2 3
p-value 0 643131x10°° 0.90520 0.86642

Based on the results in Table 4, the Poisson distribution produced a chi-square value of
2,372.981 with a p-value of 6.43 x 107° indicating a substantial deviation from the observed
frequencies. Therefore, Hy is rejected, and the Poisson distribution is not suitable for the claim data.
The NB distribution performs better than Poisson but still shows noticeable discrepancies, with a chi-
square value of 19.30349 and a p-value of 0. Since the p-value < 0.05, H, is rejected, meaning the
NB distribution is also not appropriate.

In contrast, the two modified distributions, Z123M-NB and Z123M-Poisson, exhibit excellent
fit. They yield very small chi-square values (0.28676 and 0.19919, respectively) and high p-values
(0.90520 and 0.86642, respectively). Since the p-values are far above 0.05, the null hypothesis is not
rejected for either model, indicating that both distributions adequately represent the observed claim
frequency data. Therefore, both models were retained as candidate frequency distributions for further
evaluation. The final model selection was subsequently based on the Akaike Information Criterion
(AIC) and the theoretical suitability of the distribution for overdispersed claim frequency data.

Model Selection via Akaike Information Criterion (A1C)

After confirming that the Z123M-NB and Z123M-Poisson models passed the chi-square
goodness-of-fit test, the next step was to compare their overall statistical performance using the
Akaike Information Criterion (AIC). Lower AIC values indicate a better balance between model fit
and model complexity. The results of the AIC calculations for both models are presented in Table 5.

Table 5. Log-Likelihood and AIC Values of the Z123M-NB and Z123M-Poisson Models

7Z123M-NB Z123M-Poisson
Log-likelihood -142,810.7 -142,813.7
AIC 285,6254 285,629.3

Based on the AIC values, the Z123M-NB model yields a lower value than the Z123M-Poisson
model, indicating a better overall fit to the observed claim frequency data. Since both models
successfully passed the chi-square goodness-of-fit test, the final model selection was based on a
combination of statistical performance and theoretical suitability. Given that the claim frequency
data exhibit overdispersion, as indicated by a variance exceeding the mean, the negative binomial
framework is more appropriate than the Poisson framework [10]. Therefore, the Z123M-NB model
was selected as the frequency model for the subsequent aggregate loss simulation because it provides
the best overall fit according to the AIC criterion while preserving the ability to accommodate
overdispersion in the claim frequencies.
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Distribution Models for Claim Severity
Descriptive Statistics

The data used to model claim severity consists of claim amounts in the French MTPL severity
dataset. The descriptive statistics of this dataset are presented in Table 6.

Table 6. Descriptive statistics of claim amount in French MTPL insurance

Mean Variance Skewness Kurtosis
4,678.241 2,835,934,146 61.15125 4,422.063

By removing several uppermost values so that outliers do not dominate the visualization, the
histogram of the lower 95% of the data is obtained, as shown in Figure 3. The distribution is
concentrated around small to medium claim amounts, indicating that most claims are of low-cost
[11]. The right tail of the distribution is noticeably long (positively skewed), suggesting the presence
of high-cost claims, although they occur infrequently [12]. The high kurtosis value further indicates
the existence of significant outliers and a pronounced peak in the distribution.

Density

[ I I I I 1
0 2000 4000 6000 8000

De+00 4e-04

Claim Amount
Figure 3. Histogram of claim amount (95% Data)

The histogram plotted on a logarithmic scale, presented in Figure 4, reveals a distribution that
is considerably more symmetric than the original scale. This transformation reduces the influence of
extreme values and shortens the right tail, causing the mean and median to lie closer to the center of
the data. Visually, the distribution of the log-transformed data appears approximately normal due to
its symmetry. This provides evidence that the original claim severity data may follow a lognormal
distribution, consistent with the common assumption that the logarithm of cost-type data is normally
distributed or close to normal [13]. Therefore, this study will evaluate the lognormal model for claim
severity. In addition, Burr XII and log-logistic models will also be tested because both distributions
are flexible heavy-tailed models commonly used in actuarial severity modeling and are capable
of capturing extreme losses.

Density
0.3

0.0

[ | | | | | [
4 6 8 110 12 14 16

Claim Amount {log scale)

Figure 4. Histogram of claim amount on a logarithmic scale
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Probability Density Function and Parameter Estimation

Parameter estimation for the lognormal, Burr XII, and log-logistic models in the claim severity
analysis was carried out using the MLE method. The probability density function (PDF) of the
distributions, sourced from the book [14], along with the corresponding estimated parameter values,
are presented in Table 7.

Table 7. PDF of lognormal distribution, Burr XII distribution, log-logistic distribution, and
the estimated value of the parameters

Distribution PDF Parameter estimates
L 1 fx) : < (lnx—u)z) >0 1 = 7.33077,62 = 1.10216
ognorma X) = ex _— |, X = /. ,07 = 1.
g xoV2m P 202 #
ar (3)’
[Z] a = 0.63324,7 = 2.07123,
xX) = x,a,y,0 >0 N
Burr XII f@) [1 . (E)y]aﬂ 14 6 =1,017.08214
x 9
x\Y
5 @ ) A
Log-logistic flx) = — S %10>0 7 =1.70713,6 = 1,457.89989

<1+ (5) ]

Graphical Model Analysis

The plots for the three competing models based on the lower 95% of the claim severity data
in the original scale are presented in Figure 5. Visual inspection of the curves indicates that the Burr
XII model provides the closest fit to the empirical distribution compared with the other two models.

Burr(0.6332, 2.0712, 1.02e+03) Lognormal(7.3308, 1.1022) Loglogis(1.7071, 1.46e+03)
S_ &_ 3
2 L 2
& 2 N
& & &
[ ™S ™S
E g B g B g
& & &
=N 3 3
- - -
(=] [=] (=]
g 5 g
L] ] L]
= T T T T 1 = T T T T 1 = T T T T 1
0 2000 5000 10000 0 2000 G000 10000 0 2000 5000 10000
Claim Severity (Rupiah) Claim Severity (Rupiah) Claim Severity (Rupiah)

Figure 5. Plots of the lognormal, Burr XII, and log-logistic distribution for the lower 95% of
claim severity data



10

Antoni, et. Al

MODELING THE AGGREGATE LOSS DISTRIBUTION IN ...

The plots for the three models based on the full dataset on a logarithmic scale are shown in
Figure 6. The graphical analysis suggests that the log-logistic model most accurately captures the
behavior of the data relative to the Burr XII and lognormal models.

o Burr(0.6332, 2.0712, 1.02e+03)

Lognormal(7.3308, 1.1022)

Loglagis(1.7071, 1.46e+03)

[Fs] W
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o o b
=} =} =
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= o = o =
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L-] L-] L-]
5 5 5
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a “ a “ =T
5 5 5
=] Q o _|
o o [=]
T T T T T T 1 T T T T T T 1 T T T T T T 1
4 [ g 10 12 14 18 4 [ g 10 12 14 18 4 [ g2 10 12 14 18

legiClaim Severity) log(Claim Severity} log(Claim Severity}

Figure 6. Plots of the lognormal, Burr XII, and log-logistic distributions for the full claim
severity data on a logarithmic scale

Kolmogorov-Smirnov Test

To determine which model best represents the data, the Kolmogorov-Smirnov goodness-of-fit test
was conducted. The hypotheses for this test are formulated as follows:

Hy: The claim severity data in the French MTPL severity dataset follow the specified
distribution.

H;: The claim severity data in the French MTPL severity dataset do not follow the specified
distribution.

Table 8. Kolmogorov-Smirnov test p-values and discrepancy measures for French MTPL
severity data

Lognormal Burr XII Log-logistic
Discrepancy value 0.05771 0.01507 0.02469
p-value 2.2x1071 0.05479 0.00013

The test results are presented in Table 8. As shown, the Burr XII model is the only candidate
distribution with a p-value greater than 0.05, namely 0.05479. Accordingly, the decision is to fail to
reject Hy. This indicates that the claim severity data in the French MTPL severity dataset are
adequately modeled by the Burr XII distribution.

Aggregate Loss Distribution
Calibration of Simulation Size Based on Empirical Mean and Variance

Because the claim severity distribution exhibits infinite theoretical variance, the variance of
the aggregate loss cannot be reliably estimated using standard Monte Carlo methods alone, making
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a bootstrap approach necessary to obtain a stable empirical estimate. Figure 7 shows that the relative
error for the estimated mean E (S) quickly stabilizes near zero, indicating that its estimate converges
even as the number of simulations increases. The relative error of the variance Var(S)fluctuates
more substantially and only reaches convergence at around 10 million simulations. Beyond this point,
the increasing variance estimate is not a sign of divergence, but rather a consequence of the Monte
Carlo property that larger simulation sizes produce estimates that move closer to the true empirical
value. In this case, the claim severity distribution has an infinite theoretical variance, so as n becomes
large, the Monte Carlo estimator naturally drifts upward toward this unbounded value.

1.0e+01

7.5e+00 /

S
e 5.0e+00 /

o.ve /
2 /
© |
® 25e+00 '

‘ ——— |/
Y e it e S,
10,000 100,000 1,000,000 10,000,000 100,000,00C
Number of Simulations
Metric ES Relative Error == Var(S) Relative Error

Figure 7. Convergence of error Monte Carlo estimates for aggregate loss

Based on Table 9, the number of simulations that yields the smallest relative error, which is
10 million simulations, is selected as the appropriate value of n.

Table 9. Aggregate loss estimates and relative error at different simulation levels

.on E(S) simulation .Var(S.) E(S) relative Var(S) relative
simulations simulation error error
10 187.30331 18,020,930.46 0.10777 0.88175
10° 187.47195 13,207,660.23 0.10697 0.91333
108 206.10761 92,577,836.29 0.01819 0.39251
107 206.16643 159,121,167.6 0.01791 0.04414
108 212.35608 1,950,183,716 0.01157 11.79697

Determining the Aggregate Loss Distribution Model with Monte Carlo Simulation

The aggregate loss distribution is obtained by combining the claim frequency and claim
severity distributions. In this study, the frequency of claims is modeled using the Z123M-NB
distribution, while the claim severity is modeled using the Burr XII distribution. The severity values,
assumed to follow a Burr XII distribution with parameter estimates of @ = 0.63324, 7 =
2.07123,0 = 1017.08214, were then simulated for each generated claim frequency.

Let N be a random variable representing the claim frequency within a given period. Let X be
a random variable representing the claim severity per claim, assumed to be independent of N. The
expectation and variance of X are obtained by applying the following formulas:

1 1
E(X) = 9aB(1 +-,a ——)
)4 )4 X

2 2 1 1
Var(X) = HZaB(l +—,a ——)—[90{3(1 +—,a ——)] )
14 Y Y 14
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The random variable S, representing the aggregate loss, is defined as
S :X1 +X2 +"'+XN.
Theoretically, the expectation value and variance of S are given by the following expressions.

E(S) = E(N) E(X)
Var(S) = E(N)Var(X) + Var(N) [E(X)]?.

In this study, a Monte Carlo simulation is employed to obtain empirical estimates of the
expectation and variance of S. The estimated values of the expectation and variance of N, X, and S
are presented in Table 10. For the Burr XII distribution, the existence of moments depends on the

. . . . . 2
relationship between its shape parameters. In particular, the second moment exists only when a > "

Based on the parameter estimates obtained in this study, & = 0.63324 and ¥ = 2.07123, yielding
a< ; Consequently, the theoretical second moment, and therefore the theoretical variance, diverges

and is not finite. This result reflects the extremely heavy-tailed nature of the fitted severity
distribution, where rare but exceptionally large claim amounts have a substantial influence on higher-
order moments. Because the theoretical variance cannot be computed directly, a non-parametric
bootstrap procedure with 10,000 replications was employed to obtain a stable empirical estimate of
the claim severity variance. The bootstrap approach repeatedly resamples the observed claim data
and estimates the variance from the empirical distribution, thereby providing a practical measure of
variability without relying on the existence of a finite theoretical variance under the fitted Burr XII
model.

Table 10. The estimated values of the expectation and variance of N, X, and §

N X S
E(N) Var(N) E(X) Var(X) E(S) Var(S)
0.05327 0.05787 3,941.015 2,844,064,408 206.16643 159,121,167.6

Errors on the Aggregate Loss Distribution

The error calculation begins by obtaining the expected value and variance of the aggregate
loss using Monte Carlo simulation, both analytically and through simulated estimation. The absolute
error is then computed as the difference between the analytical and simulated values in their original
units, while the relative error represents the magnitude of this difference relative to the analytical
value [15]. The results of both error measures are presented in Table 11.

Table 11. Absolute and Relative Errors of the Estimated Mean and Variance of Aggregate

Loss
E(S) Var(S)
Simulation results 206.16643 159,121,167.6
Analytical results 209.92696 152,394,224.1
Absolute error 3.76053 6,726,943.5
Relative error 0.01791 0.04414

The higher discrepancy observed in the variance is theoretically reasonable, as variance is
more sensitive to fluctuations caused by extreme simulated values. Overall, the relative error
remaining below 10% indicates that the Monte Carlo simulation procedure is sufficiently efficient.
Therefore, these results are considered reliable for subsequent risk measures such as Value at Risk
(VaR) and Tail Value at Risk (TVaR).
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Descriptive Statistics of the Aggregate Loss Distribution
The descriptive statistics of the aggregate loss are presented in Table 12.

Table 12. Descriptive statistics of the aggregate loss

Mean Variance Skewness Kurtosis
206.1664 1.59 x 108 767.57178 751,028.7348

By removing several uppermost values so that outliers do not dominate the visualization, the
histogram of the lower 99% data in Figure 8 shows that most of the aggregate losses are clustered
very close to zero, while only a few reach very large values, creating a long right tail. The high
kurtosis value confirms that the data contain sharp peaks and a number of extreme outliers. This
means that the aggregate loss can fluctuate a lot, mostly because of rare but very large claims [16].
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Figure 8. Histogram of aggregate loss for the lower 99% data and the logarithmic scale

Value at Risk (VaR) and Tail Value at Risk (TVaR) for the Aggregate Loss Claim Distribution
with Monte Carlo Simulation

Value at Risk (VaR) is a risk measurement that represents the maximum potential loss that
may occur within a given period at a specified confidence level. VaR provides an estimate of the loss
that will not be exceeded with a probability equal to the chosen confidence level. However, VaR
does not convey how severe the losses may be when this threshold is exceeded. In other words, it
does not provide information about the magnitude of tail losses beyond the VaR boundary. Therefore,
Tail Value at Risk (TVaR) is computed to estimate the average loss that occurs when the VaR level
is surpassed. The VaR and TVaR values for the 95%, 97.5%, and 99% confidence levels are
presented in Table 13.

Table 13. Estimated values of VaR and TVaR for the 95%, 97.5%, and 99% confidence levels

Level of confidence VaR TVaR
95% 105.85 4,122.93
97.5% 1,506.61 7,418.70
99% 3,629.14 15,075.21

At the 95% confidence level, the VaR is 105.85 while the TVaR is 4,122.93, indicating that
losses beyond the VaR threshold are much larger on average. As the confidence level increases to
97.5% and 99%, both VaR and TVaR rise substantially, reflecting higher potential losses under more



14 Antoni, et. AL MODELING THE AGGREGATE LOSS DISTRIBUTION IN ...

extreme scenarios. TVaR is consistently higher than VaR at all levels, highlighting the severity of
tail losses in the aggregate loss distribution.

4. DISCUSSION

The findings of this study indicate that the Z123M-NB distribution provides the best fit for
modeling claim frequency in French MTPL insurance data, while the Burr XII distribution is most
suitable for claim severity. These results reflect the underlying characteristics of the dataset, where
claim frequencies are dominated by zero-claim observations, which create strong overdispersion,
while severity values exhibit extremely heavy-tailed behavior due to a small number of exceptionally
large claims. The Z123M-NB model captures the unusually high probability mass at claim
frequencies of 0-3, which standard negative binomial or Poisson models fail to accommodate.
Likewise, the Burr XII distribution effectively represents extreme claim amounts due to its flexible
shape and heavy-tail structure, a property well-established in actuarial risk modeling. This aligns
with the theoretical findings of [17], who demonstrated that Burr XII is appropriate for modeling
insurance losses and ruin-related quantities due to its capability to capture extreme variability. The
large discrepancies observed between VaR and TVaR in this study further highlight the dominance
of rare but severe loss events, confirming that tail behavior plays a critical role in aggregate risk
modeling.

When compared with previous empirical work, the conclusions of this study are consistent
with [18], who reported overdispersed claim frequencies and heavy-tailed severity patterns in motor
insurance data, emphasizing the need for flexible frequency-severity modeling frameworks.
Similarly, [19] found that motor insurance claims often display strong zero-inflation and substantial
tail risks, supporting the appropriateness of using modified discrete distributions for frequency and
heavy-tailed models for severity. In addition, the suitability of Burr XII for capturing large losses is
reinforced by [20], who showed that Burr-type models outperform standard light-tailed alternatives
when modeling extreme claims in insurance tariff applications. Together, these studies confirm that
the modeling choices in this research are theoretically justified and empirically aligned with current
practices in non-life insurance analytics, particularly when dealing with datasets characterized by
heavy tails and rare catastrophic claims.

The implications of these findings are substantial for both actuarial science and industry
practice. Theoretically, the study demonstrates that modified frequency distributions such as Z123M-
NB are essential when claim data exhibit extreme zero-inflation, and that Burr XII’s heavy-tail
properties make it a robust model for severe motor insurance losses. Methodologically, the need for
large-scale Monte Carlo simulation is evident when dealing with severity distributions whose
theoretical variance is infinite, ensuring stable and reliable aggregate loss estimation. From a
practical standpoint, the results highlight the importance for insurers and regulators to incorporate
tail-sensitive metrics such as TVaR rather than relying solely on VaR, given the potential financial
impact of rare but substantial claims. At a broader socio-economic level, more accurate modeling of
aggregate motor insurance risk supports better pricing strategies, capital requirement calculations,
and public policy decisions, ultimately strengthening consumer protection and the financial resilience
of the insurance sector.

5. CONCLUSION

In conclusion, the claim frequency data are best modeled by the Z123M-NB distribution with
parameters p, = 0.94977, p; = 0.04746, p, = 0.00263, p; = 0.00012, 7 = 9.39728, and [ =
6.87478. The claim severity data are adequately represented by the Burr XII distribution with
parameters & = 0.63324, 7 = 2.07123, and 6 = 1,017.08214. Combining the Z123M-NB
frequency model and the Burr XII severity model through Monte Carlo simulation with 10 million
iterations yields a stable estimate of the aggregate loss distribution. The estimated VaR at the 95%,
97.5%, and 99% confidence levels are 105.85, 1,506.61, and 3,629.14, respectively. The
corresponding TVaR estimates are 4,122.93, 7,418.70, and 15,075.21, respectively.
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